We study quantum Kähler moduli space of Calabi-Yau fourfolds. Our analysis is based on the recent work by Jockers et al. which gives a novel method to compute the Kähler potential on the quantum Kähler moduli space of Calabi-Yau manifold. In contrast to Calabi-Yau threefold, the quantum nature of higher dimensional Calabi-Yau manifold is yet to be fully elucidated. In this paper we focus on the Calabi-Yau fourfold. In particular, we conjecture the explicit form of the quantum-corrected Kähler potential. We also compute the genus zero GromovWitten invariants and test our conjecture by comparing the results with predictions from mirror symmetry. Local toric Calabi-Yau varieties are also discussed. * yhonma@hri.res.in †
Introduction
We also study local toric Calabi-Yau varieties, and propose a correspondence in (5.2) which precisely express a local toric analogue of the statement of [11] . This paper is organized as follows. In Section 2, we first review the mirror symmetry in general dimension. It gives an introduction to the Gromov-Witten theory from the aspects of mirror symmetry. Then we summarize the proposal of [11] with the results of [12, 13] . In Section 3, we represent our main result about the quantum Kähler moduli space for Calabi-Yau fourfolds, and refer to the relationship to the mirror manifold. In Section 4, we test our proposal by demonstrating the exact GLSM calculation for several examples of compact Calabi-Yau fourfolds. In Section 5, we consider local toric CalabiYau varieties and some remarks about the non-compact limit are given. Section 6 is devoted to the conclusion and discussion. We summarize the results of general complete intersections in the Grassmannian in Appendix A.
Some known results
In this section, we collect some known results on mirror symmetry of higher dimensional Calabi-Yau manifolds [3, 4, 5] . Then we summarize the proposal in [11] which gives a new method to compute the exact Kähler potential on the quantum Kähler moduli space of Calabi-Yau manifolds via two dimensional N = (2, 2) GLSM partition function.
Moduli spaces and mirror symmetry
As is well known, one can define two types of two dimensional topological field theories, the A-model and the B-model, by gauging either the vector U(1) V or the axial vector U(1) A R-symmetries in the N = (2, 2) non-linear sigma model [15, 16] (see also [10] ). The A-model on a Calabi-Yau d-fold X without boundary depends only on the Kähler moduli of X and is independent of the complex structure moduli. On the other hand, the B-model on a Calabi-Yau d-fold X * without boundary only captures the information about the complex structure moduli of X * . By Batyrev's mirror construction for CalabiYau complete intersections in toric varieties [17, 18] , one can construct a number of mirror pairs (X, X * ) satisfying
where T * X and T X are holomorphic cotangent and tangent bundles on X, respectively.
The Kähler moduli space M Kähler (X) of X is locally isomorphic to H 1 (∧ 1 T * X), while the complex structure moduli space M comp (X * ) of X * corresponds to H 1 (∧ 1 T X * ). Therefore the mirror symmetry implies the existence of the isomorphism between M Kähler (X) and M comp (X * As shown in [3] , the three-point A-model correlator on the worldsheet P 1 takes the form
where q β ≡ e β,ℓmn correspond to the genus zero Gromov-Witten invariants related to the number of rational curves (the worldsheet instantons) of class β which intersect with the cycles dual to the inserted observables. In particular, it is thought that n β,n = N are integer invariants [6] . 2 The generating function of the Gromov-Witten invariants n β,n can be defined as F n (t) = 1 2
ℓmn t ℓ t m + F n (t), F n (t) = 1 (2πi) 2 β∈H 2 (X,Z)\{0} n β,n Li 2 (q β ), (2.4) where Li k (q) = ∞ n=1 q n n k is the polylogarithm. Then the three-point correlation function (2.2) with i = j = 1 can be expressed as C (1, 1) ℓmn = ∂ ∂t ℓ ∂ ∂t m F n (t). 3 Here we have used an abridged notation t = {t ℓ } h 1,1 ℓ=1 for the complexified Kähler moduli.
1 This multiple cover formula of the three-point correlator is the higher dimensional analogue of the Aspinwall-Morrison formula for Calabi-Yau threefold [19] . In the case of the Calabi-Yau threefold, n β ≡ N (1,1) β,ℓmn β ℓ βmβn can be interpreted as the genus zero part of the Gopakumar-Vafa invariants which count the BPS states of M2 branes wrapping the holomorphic two-cycles [20, 21] . 2 Note that these invariants are independent of the observables O 
m . 3 As discussed in [5] from the perspective of mirror B-model, C (1, 1) ℓmn provides all the three-point correlators C (i,j) ℓmn . Observables of these correlators are restricted to take values at the primary subspace of the vertical cohomology ⊕ i H i,i (X) which is generated by wedge products of the elements of H 1,1 (X) [3] .
By using the mirror symmetry, the holomorphic functions F n (t) at the large radius point q = 0 can be determined from solutions to Picard-Fuchs equations which govern the periods of the holomorphic d-form Ω(z) on X * . Here z indicates the set of the complex structure moduli z = {z ℓ }
ℓ=1 . These equations can be derived from the theory of variation of the Hodge structures [22, 3] and the solutions to the equations reflect the structure of primary subspace of the horizontal cohomology ⊕ i H d−i,i (X * ) generated by the cup products of the elements in H d−1,1 (X * ) [3] . At the large complex structure point
ℓ (z) whose leading contributions are the i-th power of the logarithm of z. Then the flat coordinates of the complex structure moduli space M comp (X * ) identified with the complexified Kähler moduli of X are determined by the mirror map 
where κ (1, 1) ℓmn are identified with the classical intersection numbers of X. For Calabi-Yau threefold, both the Kähler and the complex structure moduli spaces are the local special Kähler manifold [1, 23, 24, 25] . The Kähler potential of such a manifold can be determined by the prepotential F (T ) satisfying the scaling property
, where T is a set of the special coordinates of the moduli space
At the large complex structure point, the log-squared solutions Π
, and a log-cubed solution
The solutions {F 0 , F ℓ } are also known as the conjugate special coordinates of the moduli space. Using the scaling property of the prepotential, one can define F (T ) = T 0 2 F (t) and the conjugate coordinates can be expressed in terms of t ℓ as
Up to linear and quadratic terms of t ℓ , the prepotential takes the form [9] 
where
Here χ(X) is the Euler characteristic of X and the integers n β are the genus zero GromovWitten invariants. In terms of the prepotential, the generating function (2.4) is expressed
Kähler potential and N = (2, 2) GLSM
In this subsection, we first explain the relation between the solutions to the Picard-Fuchs equations and the Kähler potential for Calabi-Yau threefold. Then we briefly summarize the result of [11] which provides a novel prescription to compute the Kähler potential. 
holomorphic function. Substituting (2.7) -(2.9), at the large radius point we obtain
where we used the degrees of freedom of Kähler transformations to subtract log T 0 (z)T 0 (z) from K(z, z). This is a standard way to evaluate the Kähler potential by using the mirror symmetry. Even if we consider the cases in which no mirror construction is known, it is expected that the formula (2.11) still holds.
Alternatively, as conjectured in [11] and proved physically in [14] , the Kähler potential on the Kähler moduli space of X can be computed from the partition function of an
Here it is assumed that the GLSM description which flows in the IR to the non-linear sigma model on X exists. The Fayet-Iliopoulos (FI) parameters r ℓ and the theta angles θ ℓ of the GLSM are related to the quantum Kähler moduli z = {z ℓ } on X via
The two sphere partition function Z GLSM was exactly computed in [12, 13] . Suppose the gauge group is G × U(1) s . Throughout this paper we focus on the cases of G = U(k).
The matter sector consists of chiral multiplets Φ A in the irreducible representation R A of G and we denote their charges under the U(1) factors as Q ℓ A , ℓ = 1, . . . , s. By performing the supersymmetric localization, the authors of [12, 13] obtained 14) where |W| is the order of the Weyl group of G and σ = {σ i , σ ℓ }. σ i ∈ R rank(G) is in the Cartan subalgebra of G and m i ∈ Z rank(G) is the magnetic charge for the Cartan part of the gauge group G (GNO charge [27] ). Similarly, σ ℓ and m ℓ parametrize R s and Z s respectively.
The partition function consists of three pieces. The first of these is the contribution from the classical action on the localization configuration which takes the form 15) where r and θ are the FI parameter and the theta angle for central U(1) ⊂ G, respectively.
Z gauge ({σ i }, {m i }) and Z Φ A (σ, m) are the one loop determinants of the vector multiplet and the chiral multiplets given by 17) where (·, ·) is the standard inner product, ∆ + is the set of positive roots, w is the weight vector of the representation R A , and q A is the U(1) V R-charge of a chiral multiplet.
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In the subsequent sections, we mainly focus on d = 4 and conjecture the exact formula of the quantum-corrected Kähler potential for Calabi-Yau fourfold. Moreover, by utilizing the proposal (2.12), we test the conjecture by computing the Gromov-Witten invariants of Calabi-Yau fourfolds and comparing them with the existing results in the literature.
Kähler potential for Calabi-Yau fourfolds
Now we turn to study the Kähler moduli space of a Calabi-Yau fourfold X. For d = 4, the non-trivial three-point A-model correlator in (2.2) is given by
Let us consider the observable O
n defined on the primary subspace of the cohomology H 2,2 prim (X) ⊂ H 2,2 (X) generated by the wedge products J k ∧ J ℓ , where J k are the elements of H 1,1 (X). Let {H n } be a basis of H 2,2 prim (X). As in (2.4), we can define the generating function of the Gromov-Witten invariants associated with an element H n as
where κ kℓn = X J k ∧ J ℓ ∧ H n are the classical intersection numbers.
Here we conjecture that in the vicinity of the large radius point the quantum-corrected
Kähler potential for Calabi-Yau fourfold X is given by
5 Note that, as discussed in [13] , the theory on S 2 breaks the classical U (1) A R-symmetry of the original N = (2, 2) GLSM in flat space. It was also emphasized that unitarity constraints the R-charges to be non-negative. If we consider non-compact Calabi-Yau variety as target space, all the R-charges of chiral fields of GLSM should be set to zero [28] . We will encounter these cases in Section 5. 6 We have arrived at this formula from explicit computation for some examples (see Section 4) based on the relation (2.12). Note that there are no corrections proportional to ζ(2) and ζ(4) in the final results.
It would be interesting to clarify the reason for the absence of these terms from the perspective of the non-linear sigma model [29] .
up to the degrees of freedom of Kähler transformation. Here we defined the generating functions associated with the elements J k ∧ J ℓ as
where the coefficients κ ijkℓ = X J i ∧ J j ∧ J k ∧ J ℓ are the classical quadruple intersection numbers. Note that such a generating function G kℓ (t) can be obtained by a linear combination of F n (t). 7 We have also defined
and
mn is the inverse matrix of the intersection matrix
prim (X). c 3 (X) is the third Chern class of X. In (3.5) and (3.6), we abbreviated the arguments of the integrands as
exactly the four dimensional extension of (2.11) which has not been fully understood.
Let us revisit our conjecture (3.3) from the viewpoint of the B-model. Suppose we consider a Calabi-Yau fourfold X whose mirror construction is known. As explained in Section 2, on the B-model side, the solutions to Picard-Fuchs equations give the periods of a holomorphic d-form Ω(z) on the mirror manifold. Here we assume that the periods take the following forms
in the vicinity of the large complex structure point. 8 Plugging these periods into a four 7 In general we have multiple elements of H 2,2 prim (X) within the wedge product J k ∧ J ℓ . 8 This should be obtained by the Frobenius method as in the case of the complete intersection CalabiYau threefolds in projective spaces [8, 9] (see also [30] which proposed an alternative method for CalabiYau fourfolds by using the analytic continuation to a conifold point and a monodromy analysis). In the context of open mirror symmetry, the relative periods of Calabi-Yau threefolds with branes were studied in [31, 32] and it was also mentioned that these are related to the periods of Calabi-Yau fourfolds without branes. It would be interesting to provide further details of the relationship to our conjecture. dimensional analogue of (2.10) given by
we can obtain the conjectural formula (3.3).
Examples
According to the relation (2.12) proposed in [11] , it should be possible to verify our conjecture (3.3) about the exact Kähler potential for Calabi-Yau fourfold by comparing with the N = (2, 2) GLSM partition function. In this section, through the use of (3.3),
we extract the topological invariants such as the genus zero Gromov-Witten invariants from the GLSM partition function, and show that our conjecture (3.3) is consistent with the mirror symmetry predictions.
Here we explain a prescription to extract the topological data from GLSM calculation.
As we mentioned in Section 2.2, the quantum Kähler moduli z ℓ on a Calabi-Yau manifold X are related to the FI parameters and the theta angles of the corresponding GLSM. In order to evaluate the Kähler potential in the vicinity of the large radius point z ℓ = 0, we need to find the flat coordinates t ℓ which give the classical Kähler moduli. As explained in [11] , the flat coordinates can be determined by the following procedure. First we perform the contour integration of the two sphere partition function Z GLSM around the large radius point. As indicated in (3.3), the coefficients of
log z i log z j log z k log z ℓ in Z GLSM should be the classical intersection numbers κ ijkℓ . Note that we need to use the degrees of freedom of Kähler transformation
obtain appropriate intersection numbers. This corresponds to the normalization of the partition function. 9 This is similar to the situation in the Calabi-Yau threefold in [11] .
After performing the Kähler transformation, from the coefficients of log z i log z j log z k which should be identified with
we can determine the flat coordinates which take the form
Here ∆ ℓ (z) are holomorphic functions and 0 ≤ t ℓ (0) < 1 are constants fixed by requiring the positivity of Gromov-Witten invariants. By inverting (4.1), we can express the z ℓ in
, where q ℓ = e 2πit ℓ . Reading off the coefficients of log z k log z ℓ in the q-expansion, we obtain the generating functions (3.4).
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9 As we will see later, f (z) coincides with the logarithm of a solution Π (0) (z) = T 0 (z) to the corresponding Picard-Fuchs equations. 10 Let r be the number of the independent elements of {J k ∧J ℓ }. In cases where dim H
2,2
prim (X) equals to Table 1 : Matter content of the abelian GLSM for the sextic fourfold in P 5 . Here i = 1, . . . , 6. We set the R-charges in such a way that the total R-charge of superpotential becomes 2. The positivity of the R-charges implies 0 < q < 1 6
.
Sextic fourfold:
As a simplest example of the compact Calabi-Yau fourfold, let us consider the Fermat sextic fourfold X 6 ⊂ P 5 defined by a degree six hypersurface in P 5 [6] (see also [30] ).
There is one Kähler modulus associated with the radius of P 5 . First we determine the topological data of this manifold. Using the Kähler form J of P 5 , the classical quadruple intersection number is computed as κ = X 6 J 4 = P 5 6J 5 = 6. From the total Chern class
, we can also see that
The sextic fourfold has an abelian N = (2, 2) GLSM description with matter content shown in Table 1 . This model has a superpotential W = P W 6 (Φ) where W 6 (Φ) is a homogeneous degree six polynomial of Φ i . The GLSM has a phase transition which occurs as the FI parameter r is varied. Here we consider the Calabi-Yau phase r ≫ 0.
Using the formulas (2.14) -(2.17), we can write the exact GLSM partition function for the sextic fourfold as
This can be evaluated in the same way as performed in [11] and we obtain
where z = e −2πr+iθ . Note that the complex conjugation does not act on ǫ.
As explained above, we first look at the coefficient of log 4 z. The result is given by
r, the above prescription determines all the generating function (3.2). In cases of dim H prim (X) = r + s, s ≥ 2, the remaining s generating functions in (3.2) can not be determined. Table 2 : Gromov-Witten invariants for X 6 ⊂ P 5 .
We can show that T 0 (z) is a kernel of the Picard-Fuchs operator associated with the mirror manifold of the sextic fourfold given by
After dividing the partition function Z GLSM by (zz) q (2πi) 4 T 0 T 0 , we turn to determine the flat coordinate. From the coefficient of log 3 z, we can read off the flat coordinate 
where the Gromov-Witten invariants n d are summarised in Table 2 . The result is in perfect agreement with the mirror symmetry predictions of [3, 6] . We can also find that the explicit form of Z GLSM matches with our conjecture (3.3) via (2.12).
We can also consider general complete intersection Calabi-Yau manifolds X d 1 ,...,dr ⊂ P n defined by r hypersurfaces with the degrees (d 1 , . . . , d r ) in the projective space P n . The complex dimension of these manifolds is determined by n−r, and the Calabi-Yau condition is satisfied when d 1 +· · ·+d r = n+1. Then, including the above example, we can construct seven such fourfolds
(4.8)
All these examples have one Kähler form J. The GLSM for each fourfold has the matter content shown in Table 3 . There are r superpotentials where W da (Φ) is a homogeneous degree d a polynomial of Φ i . In Table 4 we summarize our results for Gromov-Witten invariants n d associated with J 2 calculated in the same way as the sextic example. We have also checked our conjecture (3.3) holds in these examples.
Quintic fibration over P
As an example with two Kähler moduli, we consider a quintic fibration over P 1 expressed by X 2,5 ⊂ P 1 × P 4 which is defined as a Calabi-Yau hypersurface with degree two and degree five for the coordinates of P 1 and P 4 , respectively [6] . Denoting the Kähler forms on P 1 and P 4 by J 1 and J 2 , the nonzero classical quadruple intersection numbers are
The total Chern class of this manifold is c(X 2,5 ) = Table 5 : Matter content of the U(1) 1 × U(1) 2 GLSM for the Calabi-Yau X 2,5 ⊂ P 1 × P 4 .
Here i 1 = 1, 2 and i 2 = 1, . . . , 5. The R-charges are assigned so that the total R-charge of superpotential is 2. The positivity of R-charges requires q 1 > 0, q 2 > 0, and 2q 1 +5q 2 < 1.
and thus we see that
Corresponding N = (2, 2) GLSM has two U(1) gauge groups with matter fields summarised in Table 5 . These fields interact through a superpotential
is a homogeneous degree two and degree five polynomial of Φ 1,i 1 and Φ 2,i 2 , respectively. There are two FI parameters associated with U(1) 1 × U(1) 2 gauge symmetry and we consider the Calabi-Yau phase r 1 , r 2 ≫ 0.
According to the localization formulas (2.14) -(2.17), the exact partition function for the quintic fibration X 2,5 is given by
In a similar manner to the sextic fourfold, we can evaluate this into the form
where we defined z ℓ = e −2πr ℓ +iθ ℓ and the complex conjugation does not act on ǫ 1,2 .
Let us consider log 4 z 2 term. The coefficient is given by
We see that T 0 (z 1 , −z 2 ) is annihilated by the Picard-Fuchs operators associated with X 2,5
defined by
Normalizing the partition function
off the flat coordinates from the coefficients of log 3 z 2 and log z 1 log 2 z 2 as
where 0 ≤ t , we can finally obtain the generating functions (3.4) as
where the Gromov-Witten invariants are listed in Table 6 and we see that these integer invariants completely agree with the result of [6] . We have also checked that the exact partition function coincides with (3.3) up to q 
Resolved determinantal sextic in P
Here we consider the linear determinantal Calabi-Yau fourfold defined by
where the A i are six 5×5 constant matrices and the φ i are the homogeneous coordinates of
A GLSM construction for determinantal manifolds was studied in [33] . Following their and d 2 are exchanged in [6] . prescription, we analyze the determinantal sextic fourfold (4.18) using the U(1) × U(1)
"PAX" model with matter content shown in Table 7 . These matter multiplets interact through a superpotential W = tr(P A i Φ i X). This model has three distinct geometric phases and the "X A phase" [33, 11] 
gives a resolution of the determinantal variety (4.18). Here we denote the Kähler form on the first (base) P 5 by J 1 , and the hyperplane class of the second (fiber) P 5 by J 2 .
Then the classical quadruple intersection numbers are computed as κ 1111 = κ 2222 = 6, κ 1112 = κ 1222 = 15, and κ 1122 = 20 from the top Chern class of a rank six normal bundle X whose total Chern class is given by c(X ) = (1 + J 1 + J 2 ) 6 . The total Chern class of X A is given by c(X A ) =
, and the other topological invariants are also obtained
The partition function of this PAX GLSM is given by
Here we take a phase r 1 ≫ 0, r 2 ≪ 0 corresponding to the X A phase, where r 1 and r 2 correspond to J 1 and J 2 , respectively. As in the previous examples, the partition function can be evaluated as
where z 1 = e −2πr 1 +iθ 1 and z 2 = e 2πr 2 −iθ 2 .
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The coefficient of log 4 z 1 term is
As before, after normalizing the partition function by (
the coefficients of log z 1 log 2 z 2 and log 3 z 2 , the flat coordinates are determined as
where 0 ≤ t (4.26) 11 Also in the "X A T phase" [33] corresponding to r 1 + r 2 ≫ 0, r 2 ≫ 0, we see that the GLSM partition function takes the same form (4.21) with z 1 = e −2π(r1+r2)+i(θ1+θ2) and z 2 = e −2πr2+iθ2 . By using the holomorphic function (4.23) which should be identified with the fundamental period of the mirror manifold of X A , we can find the Picard-Fuchs operators
27) (4.28) where Θ ℓ = z ℓ ∂ ∂z ℓ . These operators can be also derived by the method of [9, 34, 35] .
Following them, first we can obtain the Picard-Fuchs operators
6 from the charge assignment in Table 7 . Then the above . operators (4.27) and (4.28) are derived from the irreducible factorizations as 
Complete intersection in Grassmannian:
As an example with non-abelian GLSM description, we consider the Grassmannian Calabi- The GLSM which describes X 1 8 ⊂ G(2, 8) has U(2) gauge group and matter multiplets given in Table 9 (see [39] ). These chiral multiplets are coupled through a superpotential
, where A a ij are eight antisymmetric 8 × 8 matrices. 13 The mirror construction of Calabi-Yau complete intersections in G(k, n) was studied in [37] by making use of a flat deformation of Grassmannian G(k, n) to a Gorenstein toric Fano variety [38] .
Using the formulas (2.14) -(2.17), the partition function of this model is given by
Here we consider the Grassmann phase r ≫ 0 which corresponds to the non-linear sigma model on X 1 8 ⊂ G (2, 8) . In this phase, the partition function can be evaluated as
where z = e −2πr+iθ , and the complex conjugation does not act on ǫ 1,2 .
The coefficient of log 4 z is given by
We see that the above series expansion of T 0 (−z) agrees with the fundamental period
of the mirror manifold of X 1 8 ⊂ G(2, 8) which can be obtained by means of a prescription of [37] (see also [40] ). In Appendix A, we will revisit this issue and refer to a generalization.
As noted in [11] , it is interesting to prove this type of coincidence from the viewpoint of combinatorics.
After normalizing the partition function Z GLSM by (zz) q (2πi) 4 T 0 T 0 , we can determine the flat coordinate by picking up the coefficient of log 3 z. The result is given by where
, we find that the generating function (3.4)
associated with H 1 ≡ σ 2 1 is given by Then we can also obtain a generating function of Gromov-Witten invariants (3.2) associated with the element H 2 :
Here the Gromov-Witten invariants m d are shown in Table 10 . Combining these results, we have also checked our conjecture (3.3) holds in this example. Note that the GromovWitten invariants in Table 10 are the predictions based on the relation (2.12) and our conjecture (3.3).
Let us reconsider the problem from the viewpoint of mirror symmetry. We have checked that (3.8) are precisely the kernels of the Picard-Fuchs operator (4.40) up to z 8 .
Local toric Calabi-Yau varieties
In this section, we consider d dimensional local toric Calabi-Yau varieties with Kähler parameters r ℓ . Here ℓ = 1, . . . , n − d. Each of these varieties has an N = (2, 2) abelian GLSM description and can be constructed by the symplectic quotient
where Q ℓ i ∈ Z are n − d charge vectors with n components. The U(1) n−d gauge group acts on the complex scalar fields φ i as φ i → e i ℓ ǫ ℓ Q ℓ i φ i . Let us consider whether the relation (2.12) proposed in [11] can be applied to the local toric Calabi-Yau cases. In fact, by taking the geometric engineering limit [41] for the local Hirzebruch surface O(−2, −2) → P 1 × P 1 , the Seiberg-Witten Kähler potential for N = 2 pure SU(2) SYM has been obtained from the GLSM calculation in [28] (see also Section 5.1.2). Due to the non-compactness of local toric varieties, as suggested in [28] , we need to take all the R-charges of the chiral superfields in the corresponding GLSM to be zero. Although the partition function Z GLSM on S 2 diverges under this "non-compact limit", the authors of [28] claimed that the correct Seiberg-Witten Kähler potential can be obtained from the regular part of Z GLSM . As a generalization of their result, here we claim that the Kähler potential K on the Kähler moduli space of local toric Calabi-Yau varieties can be obtained by
up to the degrees of freedom of Kähler transformation.
are the R-charges of m chiral superfields corresponding to the non-compact directions. In the remaining part of this section, we will check our claim in several examples of threefolds and fourfolds.
During the computation, we treat the R-charges of the chiral superfields related to the non-compact directions as regulators of the divergence.
Threefolds
Here we consider local toric Calabi-Yau threefolds. By performing the exact calculation of GLSM partition functions and using the explicit form of the Kähler potential (2.11), we can study their topological nature and also confirm the consistency of our claim (5.2). −1, 1, 1) . Assigning the same R-charge 2q to two chiral superfields corresponding to two non-compact directions, the GLSM partition function (2.14) is evaluated as
where z = e −2πr+iθ and the complex conjugation does not act on ǫ.
First we normalize the partition function as
Here the normalization factors are
and γ is the Euler constant. Note that Γ(q, γ) = Γ(q), and thus g(z) h(z)=γ = f (z). Under the non-compact limit q → 0 + [28] , this normalization only replaces γ with a holomorphic function h(z). This prescription is necessary to produce the classical term of the Kähler potential. Then the behavior of the partition function under the non-compact limit is given by
By taking h(z) = − 1 4 log z, we find that (5.9) gives the Kähler potential of the form (2.11) with the "natural classical triple intersection number" κ = 
where z ℓ = e −2πr ℓ +iθ ℓ and the complex conjugation does not act on ǫ 1,2 . As in the case of the resolved conifold, we take the non-compact limit q → 0 + of a normalized partition
Z GLSM , where
and h(z) ≡ h(z 1 , z 2 ) is a holomorphic function of z 1,2 . Then we obtain the Laurent expansion
where Z 0 is given by
where Ψ(x) = computed in [42, 43] . The flat coordinates are given by
and we finally obtain
From this result, we can extract the Gromov-Witten invariants
These are in agreement with the computation in [44] .
Fourfolds
Next, we study local toric Calabi-Yau fourfolds. Just like the case of threefolds, using (3.3) and (5.2) we compute the Gromov-Witten invariants for three local examples discussed in [6] . This also corresponds to the nontrivial check for our statements.
Local
Toric charge of the local Calabi-Yau O(−1)⊕O(−2) → P 2 is given by Q = (−1, −2, 1, 1, 1), and we denote the Kähler form defined on the base P 2 by J. Using this data, we can construct GLSM and the partition function is evaluated as
Here z = e −2πr+iθ and the complex conjugation does not act on ǫ 1,2 . In a similar way to the above threefold examples, we consider asymptotic behavior of a normalized partition
Z GLSM under the non-compact limit q 1,2 → 0 + . Here f (z) and g(z) are defined by
Performing the double series expansion, we obtain
In the above expression, we have defined
Let us choose h(z) = − Furthermore, the flat coordinate t and the generating function (3.4) of the Gromov-Witten invariants associated with J 2 can be also extracted as
This result coincides with the computation in [6] . With the above choice for h(z), the consistent inverse intersection matrix η −1 = 2 for a basis J 2 can be realized. This result provides a nontrivial verification of our conjecture (3.3). −1, 0, 0, 1, 1) . We denote the Kähler forms defined on the base P 1 ×P 1 by J 1 and J 2 . In this case, the GLSM partition function (2.14)
becomes
where z ℓ = e −2πr ℓ +iθ ℓ , and the complex conjugation does not act on ǫ 1,2 . First we normalize the partition function as
is a holomorphic function of z 1,2 . Taking the non-compact limit q → 0 + , the partition function is expanded as
In the above, we have defined
From the comparison of (5.37) with (3.3), we find that the flat coordinates t 1,2 , and the generating function (3.4) of the Gromov-Witten invariants take the form
This result agrees with the computations of [6] .
Here let us take a basis , and κ 1122 = 3 8
. 1, 1, 1, 1 ). Let J be the Kähler form defined on the base P 3 . The two sphere partition function of the corresponding GLSM is given by 43) where z = e −2πr+iθ and the complex conjugation does not act on ǫ. Then, we normalize the partition function as
By taking the non-compact limit q → 0 + , we obtain the following expansion
Here we choose h(z) = − along with the inverse intersection matrix η −1 = −4 for a basis J 2 . We can also find that the topological invariant defined in (3.7) is given by C = 5, and the flat coordinate t and the Gromov-Witten invariants n d associated with 48) which completely agree with the result of [6] .
Conclusion and discussions
In this paper we have studied quantum nature of the Kähler moduli space of Calabi-Yau fourfolds. We utilized the recently proposed method which relates the exact two sphere partition function of an N = (2, 2) GLSM to the Kähler potential on the quantum Kähler moduli space of a Calabi-Yau manifold. Especially we conjectured the explicit formula of the quantum-corrected Kähler potential for Calabi-Yau fourfolds. We also checked our conjecture by computing the genus zero Gromov-Witten invariants and comparing the results with mirror symmetry predictions. Since the GLSM calculation for the Kähler potential is reminiscent of the well-studied abelian mirror symmetry and is also applicable to non-abelian GLSMs, this method would give a clue to understand the non-abelian mirror symmetry.
Moreover, we proposed the local toric analogue of the correspondence between the GLSM partition function and the exact Kähler potential by extending the argument of [28] . We also studied the exact GLSM partition functions for local toric Calabi-Yau va- As demonstrated in [45] , the exact GLSM partition function is also useful to study the Landau-Ginzburg phase of GLSM which describes a Calabi-Yau manifold at the large radius point. It would be also interesting to study such a phase transition using the GLSM partition function for not only three dimension but also higher dimensions.
Our conjecture about the exact Kähler potential for Calabi-Yau fourfold allows one to study the nonperturbative aspects of the F-theory compactification. In contrast to the Type IIB string compactification, corrections to the tree level Kähler potential has yet to be fully understood in the F-theory compactification. We hope that many applications of our result would reveal themselves.
A Note on Grassmannian Calabi-Yau manifold
In this appendix, we first review the computation of the classical cohomology ring of the Grassmannian G(k, n). Then we consider the GLSM description of general complete intersection Calabi-Yau manifold in G(k, n) and generalize the relation between (4.34) and (4.35). We also summarize some computational results for topological invariants of Grassmannian Calabi-Yau fourfold.
A.1 Schubert calculus and Chern classes of Grassmannian
The Grassmannian G(k, n) is defined by the set of k-planes Λ in C n . Bases of Λ consist of kn components up to the GL(k, C) action on Λ. Thus the dimension of G(k, n) is given by k(n − k). The cohomology ring of G(k, n) is described by the classes of the Schubert
which generate the integral homology (see, for example, [46] ).
The intersection number of Schubert cycles can be computed by Pieri's formula
where σ a ≡ σ a,0,...,0 (V ) is called the special Schubert cycle. Because any Schubert cycles σ a 1 ,...,a k can be represented in terms of the special Schubert cycles by Giambelli's formula
the cohomology ring of G(k, n) is generated by the classes of the special Schubert cycles [46] . In the following we summarize some results of the intersection numbers of the special Schubert cycles. Note that, in order to define the intersection number of Schubert cycles σ a ℓ , ℓ = 1, . . . , p, we need to require that the codimension of the union of those cycles is equal to the dimension of G(k, n), i.e.
G(2, 5): In the following, we denote the Poincaré dual of the special Schubert cycle by the same symbol σ a . The total Chern class of Grassmannian G(k, n) is given by [47, 48] 
where the p-th Chern class c p (G(k, n)) is obtained as a coefficient of h p after changing all the variables x i into hx i and taking the series expansion of h. Then c p (G(k, n)) can be expressed in terms of the elementary symmetric polynomials e a (x i ) = i 1 <···<ia x i 1 · · · x ia which are identified with the cohomology classes σ a . In the following, we summarize the results for several examples.
G(2, 5):
G(2, 6): G(2, 7):
The Grassmannian Calabi-Yau d-fold X d 1 ,...,dr ⊂ G(k, n) can be described by the U(k) GLSM with matter multiplets shown in Table 11 . The superpotential is given by
, where W da (B) is a degree d a polynomial in the baryonic variables
. Then we can compute the two sphere partition function (2.14) in the same way as in Section 4.4. In the Grassmann phase r ≫ 0, we obtain 19) where z = e −2πr+iθ .
Here we consider the case of k = 2. As demonstrated in Section 4, we can extract a holomorphic function
(−z) 20) which gives a normalization of the partition function (A.19). On the other hand, the fundamental period of the corresponding mirror manifold is given by [37, 40] T 0 (z) = ∞ ℓ 0 ,ℓ 1 ,...,ℓ n−3 =0
where we defined ℓ n−2 ≡ ℓ 0 . We can check the coincidence between T 0 (z) and T 0 (z) up to higher order in z and thus the identity
is expected to hold exactly for d a ≥ 0 and n ≥ 3. Note that the Calabi-Yau condition d 1 + · · · + d r = n need not be satisfied for this identity. Generalizing this identity to arbitrary k is straightforward. It will be interesting to prove this identity from the perspective of combinatorics. 
A.3 Gromov-Witten invariants of Grassmannian fourfolds
In d = 4, we can list all the Grassmannian Calabi-Yau manifold X d 1 ,...,dr ⊂ G(k, n) as 16 Method used in calculating these is explained e.g. in [5] . 
